THE TRACE MAP OF FROBENIUS AND EXTENDING 
SECTIONS FOR THREEFOLDS 



HIROMU TANAKA 



Abstract. In this paper, by using the trace map of Frobenius, we 
consider problems on extending sections for positive characteristic 
threefolds. 
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0. Introduction 

In characteristic zero, by the Kodaira vanishing theorem and its gen- 
eralizations, we can establish some results on adjoint divisors, such 
as the Kawamata-Shokurov basepoint free theorem (see, for example, 
[KoUar-Morit Theorem 3.3]) and the Hacon-M'^Kernan extension the- 



orem ( |HMt Theorem 5.4.21]). These theorems claim, under suitable 
conditions, that an adjoint divisor m{Kx + ^ + A) has good properties 
where m G Z>o, {X, A) is a pair and A is an ample divisor. In this 
paper, we only consider the following very simple situation: X is a 
smooth projective variety, A = 5* is a smooth prime divisor and A is 
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an ample Cartier divisor. The following fact immediately follows from 
the Kodaira vanishing theorem. 

Fact 0.1. Let k be an algebraically closed field of characteristic zero. 
Let X be a smooth projective variety over k. Let S be a smooth prime 
divisor on X and let A be an ample Cartier divisor on X such that 
Kx + S + A is nef. Fix m G Z>o. Then, by the Kodaira vanishing 
theorem, we obtain 

H\X, Kx + A+{m-l){Kx + S + A)) = 0. 
Thus, the natural restriction map 

H'^iX, m{Kx + S + A))^ H'^iS, m{Ks + A)) 
is surjective. 

It is natural to consider whether the above fact also holds in posi- 
tive characteristic. Unfortunately, however, there exists the following 
example. 

Example 0.2 (cf. Example 14. 4p . Let k be an algebraically closed field 
of positive characteristic. Then, there exist a smooth projective surface 
X over k, a smooth prime divisor C on X and an ample Cartier divisor 
A on X such that Kx + C + A is nef and that the natural restriction 
map 

H%X, Kx + C + A)^ H^{C, Kc + A) 
is not surjective. 

Thus, we would like to find a suitable analogy of Fact 10. II in positive 
characteristic. In this paper, we prove the following two theorems. 

Theorem 0.3 (cf. Corollary 14. 3p . Let k be an algebraically closed field 
of positive characteristic. Let X be a smooth projective surface over k. 
Let C be a smooth prime divisor on X and let A be an ample Cartier 
divisor on X . If H^{C, Kc + A) ^ 0, then the natural restriction map 

H\X, Kx + C + A)^ H'^iC, Kc + A) 

is a non-zero map. 

Theorem 0.4 (cf. Theorem 17. 3p . Let k be an algebraically closed field 
of positive characteristic. Let X be a smooth projective threefold over 
k. Let S be a smooth prime divisor on X and let A be an ample Cartier 
divisor on X . Assume the following two conditions. 

(1) Kx + S + A IS nef 

(2) t,{S,Ks + A) y^O. 
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Then, there exists mo G Z>o such that, for every m > niQ, the natural 
restriction map 

H\X, m{Kx + S + A))^ H\S, m{Ks + A)) 

is surjective. 

To show the above two theorems, we use the trace map of Frobenius. 
This strategy is essentially the same as |Schwede2l Proposition 5.3] 
and its proof. Let us see the idea of the proofs. Let X be a smooth 
projective variety. Let S" be a smooth prime divisor on X and let A be 
an ample Cartier divisor on X. Then, for every e G Z>o, we obtain the 
following commutative diagram by using the trace map of Frobenius: 

H%X,Kx + S + p^A) > H^{S,Ks+p^A) > H\X,Kx +p'A) 

Tr|(A) 

H^iX,Kx + S + A) H%S,Ks + A) 

where the lower horizontal arrow p is the natural restriction map and 
the upper horizontal sequence is exact. By the Serre vanishing theorem, 
for large e ^ 0, we obtain the vanishing H^{X, Kx + p'^A) = 0. Thus, 
to prove that the restriction map p is surjective (resp. a non-zero map), 
it is sufficient to show that the trace map Tr|(A) is surjective (resp. 
a non-zero map). Therefore, to prove the above two theorems, we 
establish the following results on the trace map of Frobenius. 

Theorem 0.5 (cf. Theorem 14. ip . Let k be an algebraically closed field 
of positive characteristic. Let C be a smooth projective curve over k. 
Let A be an ample Cartier divisor on C. If H^{C,uc'{A)) ^ 0, then 
the trace map 

Ti'ciA) : H^Cucip'A)) ^ H%C,LOciA)) 
is a non-zero map for every e G Z>o ■ 

Theorem 0.6 (cf. Theorem 17. ip . Let k be an algebraically closed field 
of positive characteristic. Let S be a smooth projective surface over k. 
Let A be an ample Cartier divisor on S . Assume the following two 
conditions. 

(1) Ks + Ais nef 

(2) k{S,Ks + A)^0. 

Then, there exists mi G Z>o such that the trace map Tr|(yl + m(Ks + 
A)) 

H\S, cosip^A + m{Ks + A)))) ^ i7°(^, us{A + m{Ks + A))) 
is surjective for every m > mi and for every e G Z>o. 
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We would like to consider whether Theorem 10.41 and Theorem 10.61 
hold for the case where k{S, Ks + A) =0. Let us compare Theo- 
rem [0]4] with the following basepoint free conjecture (cf. |Kollar-Mori 
Theorem 3.3]). 

Conjecture 0.7. Let k be an algebraically closed field of positive char- 
acteristic. Let X be a smooth projective threefold over k. Let S" be a 
smooth prime divisor on X and let A be an ample Cartier divisor on 
X such that Kx + S + A is nef. Then, \b{Kx + S + A)\ is basepoint 
free for every b ^ 0. 

If Conjecture 10.71 holds, then Theorem 10.41 also hold for the case 
where k{S, Ks + A) =0. Then, does Theorem 10.61 also hold for the 
case where k{S, Ks + A) = 07 Unfortunately, the answer is NO. We 
can construct the following example in characteristic two. 

Theorem 0.8 (cf. Theorem 18. 3p . Let k be an algebraically closed field 
of characteristic two. Then, there exists a smooth projective surface S 
over k such that 

(1) ~Ks =■■ A IS ample. Note that k{S, Ks + A) = 0. 

(2) For every e G Z>o, the trace map 

Tr^A) : H\S,usi2'A)) ^ H\S,usiA)) 
is a zero map. 

Moreover, Theorem 10.81 also shows that we can not generalize Theo- 
rem [03] to dimension two. 

In the appendix of this paper (Section 9), we establish the following 
analogy of the Hacon-M'^Kernan extension theorem for surfaces. 

Theorem 0.9 (cf. Theorem 19. ip . Let k be an algebraically closed field 
of positive characteristic. Let X be a smooth projective surface over k 
and let C be a smooth prime divisor on X . Let A := C + B where B 
is an effective Q-divisor on X which satisfies the following properties. 

(1) C i. Supp5, l5j = and (X, A) is pit. 

(2) B ~Q A^F where A is an ample Q-divisor and F is an effective 
Q-divisor such that C ^ SuppF. 

(3) No prime component of A is contained in the stable base locus 
ofKx + A. 

Then, there exists an integer trq > such that, for every integer m > 0, 
the restriction map 

H\X,mmo{Kx + A)) ^ H\C,mmo{Kx + A)\c) 

is surjective. 
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But, the proof for Theorem 10.91 does not use the trace map of Frobe- 
nius. We use results on the minimal model theory established in |T2j 
and jT3] . 

0.10 (Overview of contents). In Section 1, we summarize the notations. 
In Section 2, we see the definition and some basic properties of the trace 
map of Frobenius. The trace map of Frobenius is obtained by apply- 
ing the functor 'Homo^{—,ijjx) to the Frobenius map Ox F^Ox- 
In Section 3, we see some known facts on Cartier operator. We can 
consider the trace map of Frobenius as Cartier operator. The Cartier 
operator is defined by the de Rham complex. We use Cartier operator 
to consider the relation between the trace map of Frobenius and etale 
base changes. In Section 4, we show Theorem 10.31 and Theorem 10.51 
In Section 5, we prove Theorem 10.61 for the case where k = 1. In Sec- 
tion 6, we show Theorem 10.61 for the case where k = 2. In Section 7, 
by using Theorem 10. 6[ we show Theorem 10.41 In Section 8, we prove 
Theorem 10.81 In Section 9, we show Theorem 10.91 

0.11 (Overview of related literature). We summarize literature related 
to this paper with respect to the basepoint free theorem, the extension 
theorem, the trace map of Frobenius and the minimal model theory in 
positive characteristic. 

(Basepoint free theorem and extension theorem) The motivation of 
this paper is the basepoint free theorem and the extension theorem 
in characteristic zero. Thus, let us summarize some known results on 
them. Kawamata and Shokurov established the basepoint fee theorem 
for kit pairs (cf. |KMM] . |Kollar-Mori] ) . |Ambro] generalizes this result 
(cf. [Fujino ). The extension theorem is established by Hacon and 
M^Kernan ( |HM[ Theorem 5.4.21]). This theorem is a key to show the 
existence of the flip f |BCHM] l For related topics, see [DHP] and [FH] . 

(The trace map of Frobenius) The heart of this paper is the trace 
map of Frobenius. The trace map of Frobenius plays a crucial role 
in the theory of F-singularities (cf. |BST] . [SchwedeT] . |Schwede2] ) . 
Moreover, |CHMS] and [Must at a] establish results related to birational 
geometry by using the trace map of Frobenius and the theory of F- 
singularities. For related topics, see |BSTZ] and |TW] . 

(Minimal model theory in positive characteristic) Let us summarize 
literature on the minimal model theory in positive characteristic. For 
results on surfaces, see |Fujita3], |KKj . |T2j and |T3j . For results on 



threefolds, see |Kawama"ta] . [Keel], [Kollar] and |HXj . 
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1. Notations 

We will freely use the notation and terminology in |Kollar-Mori] . 

We will not distinguish the notations invertible sheaves and divisors. 
For example, we will write L + M for invertible sheaves L and M. 

For a coherent sheaf F and a Cartier divisor L, we define F{L) := 
F®Ox{L). 

Throughout this paper, we work over an algebraically closed field k 
of positive characteristic and let char =: p > 0. 

In this paper, a variety means an integral scheme which is separated 
and of finite type over k. 

2. The trace map of Frobenius 

In this section, we define the trace map of the Frobenius and we see 
some fundamental properties. We only use the smooth case. For the 
singular case, see |Schwede2] Section 2]. 

Proposition 2.1. Let X he a smooth projective variety. Let E he an 
effective Z-divisor and let D be a Z-divisor. Then, for every positive 
integer e, there exists a natural Ox-module homomorphism 

Ty\^e{D) : F:{ujx{E+p'D)) ^ uJx{E + D). 

We call this a trace map. 

Proof. Consider the Frobenius map: 

Ox ^ f:ox, 

that is, p^-th power map a^^ . Since E is effective, we obtain 
Ox{-E) ^ F:{Ox{-p'E)) ^ F:{Ox{-E)). 

Tensor ing Ox{—D), wc obtain 

Oxi-E-D) ^ F:{Ox{-E))^Ox{-D) 

f:{Ox{-e-p'd)). 

By the duality theorem for finite morphisms, we obtain 

'HomoAF:{Ox{-E -p'D)),cox) ^ F:{ux{E + p'D)). 
Then, apply the functor T-Lomoxi—i^x) and we obtain 

F:{ux{E + p^D))^ujx{E + D). 
This is the trace map Tr^^(D). □ 
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Remark 2.2. By the above construction, Tix ^i^) factors through 
Tr$,{E + D):^Tr:%{E + Dy. 

Tr'xMD) : F:{ux{E+p'D)) ^ Ft{ux{p'E+p'D)) I^M^ ujx{E+D). 

Remark 2.3. Let X be a smooth projective variety. Let Speci? C X 
be an affine open subset such that it! has a p-basis {xi, • • • , Then, 
we obtain 

r(Speci?, ujx) = Rdxi A • • • A dxn 

and 



n 



r(Speci?, F>x) = R-x{^---x^dxiA---Adx, 
= -R^'xi' • • • A • • • A dXn- 

The trace map 

Tr^f : r(Speci?, F>x) ^ r(Speci?, c^x) 

is described as follows: 

(1) Tr^(a;^ ~^ . . . x^~^dxi A • • • A dXn) = dxi A • • • A dXn- 

(2) Tr^(xi^ ■ ■ • xi^dxi A • • • A dx^) = if < i^- < - 1 for some 
1 < J < n. 

The following two lemmas are the fundamental properties. 

Lemma 2.4. Let X be a smooth projective variety and let E be an 
effective Z-divisor. If Di and D2 are linearly equivalent Z-divisors, 
then the two trace maps Tr^(£)i) and Tr^^ (D2) are the same for every 
positive integer e, that is, there exists a following commutative diagram: 

F:{uJx{E + pW2)) ^^^^ ux{E + D2) 



F:{uJx{E + pWi)) ^^^^^ uJx{E + D,). 
Proof. Consider the Probenius map: 

Ox{-E) ^ F:{Ox{-E)). 
Tensoring Ox{—Di), we obtain 

Ox{-E - A) ^ F:{Ox{-E-p'Di)). 
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Then, we obtain the following commutative diagram: 

F-{Ox{-E-p-D2)) i Oxi-E-D^) 



F!{Ox{-E-p^D^)) <- 



X9 

Ox{-E-D,) 

where g e K{X)* is defined by Cx(--Di) ~ Cx(--D2). In particular, 
the vertical arrows are isomorphisms. Apply the functor T-Lomox (~? ^x) 
and we obtain the required commutative diagram. □ 

Lemma 2.5. Let X be a sm,ooth projective variety and let E be an 
effective Z-divisor. Let D be a Z-divisor. Then, for every positive 
integer e, 

that is, 



pe/rj^l (n^D)) 

Ft^\ujx{E + p^+'D)) "-"^ ") F:{uJx{E+fD)) 



Tr<i 



> UxiE + D). 

Proof. Consider the Probenius maps: 

Ox{-E) ^ F:{Oxi-E)) ^ Ft\Ox{-E)). 
Tensoring Ox{—D), we obtain 

0^{-E -D)^ F:{Oxi-E-pW)) ^ F:+\Oxi-E-p'+'D)). 

Apply the functor 'Homx{—,oox) and we obtain the assertion. □ 

In this paper, we often use the following two commutative diagrams. 

Lemma 2.6. Let X be a smooth projective variety and let S be a 
smooth prime divisor. Then, there exist the following commutative 
diagrams. 

(1) 







F^ux > F:{ux{S)) 



F^LUs > 



Tr 



x,s 



Tr? 



Ux 



uJxiS) 



0. 



(2) 

> F-ujx y F:{ujx{p'S)) y F:{ujp.s) 



-> 



ux > i^x{S) 



-y 0. 
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Moreover, Tr^ factors through \& : 
Proof. (1) Consider the following commutative diagram: 

— > f:{Ox{-s)) — > f:ox — > f:os 











Ox{-S) 



o 



X 



-> 0. 



Apply the functor 'Homx{—,0Jx) and we obtain the assertion. 
(2) Consider the following commutative diagram: 



> f:{Ox{-p'S)) 



> Ox{-S) 



O 



X 







^ 0. 



Apply the functor T-Lomx^—.uJx) and we obtain the required commu- 
tative diagram. Since 

FI-.Os^ F:Os 

factors through F^Op^s, we see the assertion. □ 

We would like to know whether the trace map Tr^(D) has a good 
property. It is natural to consider the following question. 

Question 2.7. Let X be a smooth projective variety and let A be an 
ample Z-divisor on X. Then, for every e G Z>o, is the trace map 



Tr5,(A) : H%X,ux{p'A)) ^ H\X,ux{A)) 



surjective'r 



Answer 2.8. The answer to the above question is NO. Indeed, Tango 



constructs a smooth projective curve X and an ample Z-divisor A on 
X such that the trace map Tr^(A) is not surjective. 

On the other hand, we obtain the affirmative answer for the following 
two cases: ablelian varieties and F-split varieties. 

Proposition 2.9. Let X be an abelian variety and let A be an ample 
Tj- divisor. Then, the trace map 

Tr^(A) : H''{X,cox{p'A)) -> H''iX,cox{A)). 



is surjective. 
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Proof. For n G Z, let nx be the n-multiplication map of the abehan 
variety X. Let n G Z>o which is not divisible by p. Then, 

nx -.X ^ X 

is a finite morphism whose degree is not divisible by p. Thus, 

Ox ^ {nx),Ox 

is split as an Ox-module homomorphism (cf. |Kollar-Mori[ Proposi- 
tion 5.7(2)]). We obtain the following commutative diagram 

F^-inx),{Ox{p%nxrA)) < K)*(Ox((nx)*A)) 

nx 

F^iOxip'A)) < OxiA) 

Apply the functor l-iomQ^^—^ujx) and take the cohomology: 

H\X,ujxmnxTA)) ^'^""""^'^^^) H\X,ujx{{nxrA)) 



H\X,ux{p'A)) H%X,ux{A)). 

Here, n*^^ is surjective by the splitting of nx- Therefore, it is sufficient 
to show that Tr^((nx)*^) is surjective. By [Mumford] Corollary 3 in 
Section 6], we obtain 

n"^ + n ^ n^ - n, ^ _ , 
n*xA = ^ + (-l)xA 

Note that, since (— l)x is an automorphism, [—l)*xA is ample. There- 
fore, by the Fujita vanishing theorem ( [Fujital Theorem (1)], |Fujita2 



Section 5]), we can find n G Z>o such that Tr^((nx)*^) is surjec- 
tive. □ 

Definition 2.10. Let X be a smooth projective variety. We say X is 
F-split if the Frobenius map 

Ox ^ F^Ox 

is split as an O^-module homomorphism. 

Proposition 2.11. Let X he an F-split smooth projective variety and 
let D he a Z-divisor. Then, the trace map 

TV^(D) : H%X,ux{p'D)) ^ H%X,ujx{D)). 

is surjective. 
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Proof. By the definition of F-splitting, we see tliat tlie Frobenius map 

Ox{-D) ^ F:iOxi-p'D)) 

is split. Apply the functor 'HorriOx i^, ^x) and we obtain the assertion. 

□ 

3. Facts on Cartier operator 

In this section, we summarize the facts on Cartier operator. By 
Remark 13. 3[ we consider the trace map of the Frobenius as Cartier 
operator. 

Definition 3.1. Let X be a smooth variety. Consider the de Rham 
complex of X 

where fix •= ^x/k- ^PP^Y ^* we obtain a complex 

Then, it is easy to see that F^:di is an (9x-niodule homomorphism. We 
define 

B'x := Image(F,rfi_i : F.Vl'x' ^ F.n'x) 
Z\ := Ker(F,(ii : F,^\ ^ 
Note that B\ and Z\ are coherent sheaves. 

Fact 3.2. Let X he a smooth variety. For every i G Z such that 
1 < i < dimX, consider the map 

: VL'-x Zx/Bx 

locally defined by 

C^^|speci?:r(Speci?,n^) ^ r{SpecR,Z'x/B'x) 

dai A • ■ ■ A dai ^ ^i^^ ■ ■ ■ a^~^dai A ■ ■ ■ A dai 

where SpecR is an open affine subset of X and ai, ■ ■ • , Oj e R. This 
map Cx^ is a well-defined Ox -module isomorphism. We call Cx '■ = 
(Cx^)"^ Cartier operator. 

Proof. See, for example, [EVt Theorem 9.14]. □ 

Remark 3.3. Let X be an n-dimensional smooth variety. We obtain 
the following exact sequences. 

(1) O^Ox^ F,Ox B\ 0. 

(2) Z'x^ F^Vl'x B'^^ ^ for 1 < i < n. 

(3) B'x^ Z'x^^n'x^Qioil<i<n. 
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By (2) for i = n, we obtain Zx — F^:Ux- By (3) for i = n, we obtain 



^ ^ F^ux -4 ^ 0. 

Remark 3.4. Let X be an ra-dimensional smooth projective variety. 
By Remark 12.31 Cartier operator and the trace map of Frobenius are 
the same: Cx = Tr^. 

Lemma 3.5. Let'-/ : X Y be a finite etale morphism between smooth 
varieties. Then, 

-f*B'Y ^ B'x and 7*Z^ ~ Z'x- 
Proof. We may assume X = SpecS and Y = SpecA. Let 

B 

he the natural homomorphism induced by 7. Let 

Fa: A-^ A and Fb : B ^ B 

he the p-th power maps respectively. Since (f is flat, we see that the 
natural i?-module homomorphism 

9' ■.{{FA),n\)(S)AB ^ {FB),in]^(S)AB) 

(^ajdxj) iS}Ab ^ C^ajdxj) ^aV" 
J J 

is an isomorphism where aj & A and dxj := dxj-^ A ■ ■ ■ A dxj^ for some 
Xji G A. Since ip is etale, the natural i?-module homomorphism 



A '^A 



B ^ Q 



B 



Q2ajdxj)0Ab ^ ^ip{aj)bd{ip{x.j)) 
J 

is an isomorphism. It is sufficient to check the commutativity of the 
following diagram: 



{Fb)*VL'^b 

{FB).in\(g)A B) 



{Fb)*^^b^ 
^ {FB)Mr®AB) 



{{Fa)Ma) ®a B {{Fa).^T) ®a B. 
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This follows from 

doF,p'o9'{(J2ajdxj)^Ab) = doFj{{Y^ajdxj)®AV) 
J J 

= d{Y,^{aj)Wd{v{x.j))) 
J 

= J2^d{ipiaj))Ad{cp{xj)) 
J 

and 

F,p'+^ o 0^+1 o d{{J2 ajdxj) b) 
J 

= Fj+^ oe'^\C^daj Adxj)®Ah) 
J 

= F,p'+' {(J2dajAdxj)^AV') 
J 

= J2Fd{^iaj))Ad{^{xj)). 
J 

□ 

We state the following vanishing result of F-split varieties for a later 
use. 

Proposition 3.6. Let X be an n- dimensional F -split projective variety 
and let A he an ample Z-divisor. Then, 

H\X,Bl{A)) = Q. 

Proof. Consider the exact sequence 

0-^5^^ F.ujx ^ -> 0. 

Then, by Proposition |H1 the trace map 

CI = 1i\{A) : H\X,ux{pA)) ^ H\X,uJx{A)) 

is surjective. Therefore, we obtain the exact sequence 

^ H\X,Bl{A)) ^ H\X,uJx{pA)). 

Since F-split varieties satisfy the Kodaira vanishing theorem ( |MRl 
Proposition 2]), we obtain the vanishing H^{X.,B^{A)) = 0. □ 
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4. The trace map of Frobenius for curves 




for the case where X is a curve. By Question 12 . 71 and its answer, Tr^(^) 
is not surjective in general. But, for almost all the case, Tr^(y4) is a 
non-zero map. 

Theorem 4.1. Let X he a smooth projective curve whose genus g{X) 
is not zero. Let A he an ample Z-divisor. Then, for every e e Z>o, the 
trace map 



is a non-zero map. 

Proof. Fix e G Z>o- Since A is ample, we see degA > 1. We consider 
the two cases: degA > 1 and degA = 1. 

Step 1. In this step, we assume degA > 1 and we prove the asser- 
tion. The following argument is the same as the proof of |Schwede2| 
Theorem 3.3]. 

Fix a point Q E X. By Lemma [2l6l we obtain the following commu- 
tative diagram: 



H'^iX^Kx+p'A) > H''ip^Q,Kp.Q+p%A-Q))^ H\X,Kx+P%A-Q)) 



Tt'q--H\Q,Kq+p%A-Q)) ^ H\p^Q,K,.Q+p^{A-Q)) 



Therefore, the composition map poTrxiA) is surjective. Then, we see 
that Tr^(A) is a non-zero map hy H^Iq, Kq + A - Q) 0. 

Step 2. In this step, we prove that, if degA = 1, then there exists a 
point Q E X such that the natural injective map 



Tr^(A) : H\X,ux{p'A)) ^ H^{X,ux{A)) 




H\X,Kx + A) H''{Q,Kq + A-Q). 

By Serre duality, we obtain the vanishing 



H\X,Kx+p''{A-Q))=Q. 
On the other hand, \E' is surjective because \E' satisfies 




{Q,Kq + A-Q). 




{X,ujx{p'A-{p^-l)Q)) 
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Since H^{Q, L) c:^ k for every invertible sheaf L, we obtain the fol- 
lowing exact sequence 

^ H%X,ux{p'A-p'Q))-^H%X,cuxip'A-{p'-l)Q))^k 

^ H\X,ux{p'A-p'Q)). 

Therefore, it is sufficient to show 

h\X, coxip'A - p^Q)) = h\X, -{p'A - p'Q)) = 

for some point Q € X. Note that the first equality follows from Serre 
duality. Assume the contrary, that is, assume that p^A ~ p^Q for every 
point Q E X. Since the genus g{X) is not zero, there exists a non-zero 
Z-torsion D for a prime number / ^ p. Note that D is not a p^-torsion. 
Take the prime decomposition 

D = '^rriiQi - '^UjRj. 

Since deg D = ^ — ^ = 0, we obtain the following contradiction 

p^D = rriip^Qi - ^ n^p^Rj 

~ ^ frtiP^'A — ^ njp^'A 

= CY'rni-Ynj)p''A 
= 0. 

Step 3. In this step, we assume deg A = 1 and we prove the assertion. 

We fix a point Q G X as in Step[2l If A ~ A' , then the corresponding 
trace maps are the same by Lemma 12.41 Therefore, we may assume 
that Q ^ SuppA. By Step [2l there exists an element 

V E H%X,uxip'A - (/ - 1)Q)) \ H%X,oJxip'A-p'Q)). 

Take the local ring {R, m) corresponding to the point Q. Note that 
F^R is a free i?-module. Let {x} be the p-basis. Then, we obtain 

Thus, we can write 

T] ^ H'^i^XjUxip^A — p'^Q)) means /j ^ m for some < i < p"^. t] E 
H'^{X,ux{p^A — {p^ — means fi Em for every < i < p*^ — 1. 

Therefore, we obtain ^ m. Then, we can find c E and /i G m 
such that 

= c + /i. 



16 HIROMU TANAKA 

By Remark [231 we see TT'x{A){r])\spocR ^ 0. 

□ 

Corollary 4.2. Let X be a smooth projective curve. Let A be an ample 
Tj-divisor. If [X , u x{A)) ^ 0, then, for every e G Z>oj the trace map 

Tr^(A) : H%X,ux{p'A)) -> H\X,ux{A)) 

is a non-zero map. 

Proof. If g{X) > 1 where g{X) is the genus of X, then the assertion 
follows from Theorem 14.11 Thus, we may assume that X ~ P^. Since 
is F-split, the trace map is surjective. □ 

In characteristic zero, we obtain the following result by the Kodaira 
vanishing theorem. In positive characteristic, we obtain the following 
result by the trace map of Frobenius (Corollary 14. 2p . 

Corollary 4.3. Let X be a smooth projective surface and let C be a 
smooth prime divisor. Let A be an ample Z-divisor on X . IfH^{C, Kc+ 
A) 7^ 0, then the natural restriction map 

H\X, Kx + C + A)^ H'^iC, Kc + A) 

is a non-zero map. 

Proof. By Lemma 12.61 we obtain the following commutative diagram 

H'^iX.Kx + C ^p^A) > H^{C,Kc+P^A) > H\X,Kx+P^A) 

|Tr5,c('4) 

H^'iX.Kx + C + A) > H°{C,Kc + A). 

Then, the assertion follows from Corollary 14. 2[ □ 

In characteristic zero, in the above situation, the restriction map is 
surjective by the Kodaira vanishing theorem. But, in positive charac- 
teristic, the restriction map is not surjective in general. 

Example 4.4. There exists a smooth projective surface X , a smooth 
prime divisor H on X and an ample Z-divisor A such that 

(1) \Kx + H + A\ is basepoint free. 

(2) The natural restriction map 

H\X, Kx + H + A)^ H%H, Kh + A) 
is not surjective. 
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Construction. Let X be a smooth projective surface and let A be an 
ample Z-divisor on X such that 

H\X,Kx + A)y^O. 

We can find such a surface by |Raynaud| . Take a smooth hyperplane 
section H of X such that \Kx + H + A\ is basepoint free and that 

H\X,Kx + H + A) =0. 
Consider the exact sequence 

^ Ox{Kx + A)^ Ox{Kx + H + A)^ Oh{Kh + A) ^ 0. 
Then, we obtain the following exact sequence 

H\X, Kx + H + A) ^ H\H, Kh + A) ^ H\X, Kx + A) 0. 
omce H\X, Kx + A)^ 0, the restriction map is not surjective. □ 
We use the following corollary in Section 8. 

Corollary 4.5. Let X be a smooth projective surface. Let L be a Z- 
divisor on X such that 

L = C + M 

where C is a smooth prime divisor and M is a nef and big Z- divisor 
such that M\c is ample. If H^{C, Kc + M) ^ 0, then, the trace map 

Tr^(L) : H%X, Kx + p'L) ^ H\X, Kx + L) 

is a non-zero map. 

Proof. By Lemma 12.61 we obtain the following commutative diagram 

H°{X,Kx +p''L) > H°{p''C,Kp,c+p''M) > H\X,Kx +p''M) 

|Tr5,(L) I* 

H°{X,Kx+L) > H°{C,Kc + M). 

By [m Theorem 2.6], we have H^{X, Kx + p"M) = for e > 0. By 
Corollary 14. 2[ \E' is a non-zero map because satisfies 

Tr^(M) : H\C, Kc + /M) ^ H\p'C, Kp^c + p'M) 

^ H%C,Kc + M). 

Then, the trace map Ttx{L) is also a non-zero map. □ 
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5. SURJECTIVITY OF THE TRACE MAPS FOR SURFACES {k = 1) 

In this section, we show the surjectivity of the trace map 

H\X, ux{p'{A + m{Kx + A)))) ^ H%X, ux{A + m{Kx + A))) 

for the case where X is a surface and k{X, Kx + A) = 1. For this, we 
estabhsh the following vanishing result. 

Proposition 5.1. Let C be a smooth curve. Let Y := x C and let 

TT : y — >■ C 6e the projection. Let f : X ^ Y be the blowup at one 
point and let 

e : X Ay ^ c. 

Let Ax be a 6 -ample Z-divisor on X . Then, 

RH,{BI{Ax)) = 0. 

Proof. 

Step 1. In this step, we assume C is rational and we prove the asser- 
tion. 

Since the assertion is local on C, we may assume C ~ P^. For an 
arbitrary ample Z-divisor Ac on C, by the Leray spectral sequence, we 
obtain the following exact sequence 

-> H\CMBl{Ax))®Oc{Ac)) 
^ H\X,Bl{Ax + e*Ac)) 
^ H\X,R'9,{Bl{Ax))®Oc{Ac))^Q 

Let Ac be an ample Z-divisor on C such that 

(1) Ax + 9* Ac is ample. 

(2) R^e^{B\{Ax)) ® Oc{Ac) is generated by global sections. 
Then, it is sufficient to show 

H\X,Bl{Ax + 9*Ac)) = 0. 

Since X is a toric variety, this follows from Proposition 13. 6[ 

Step 2. In this step, we prove that the following assertions are equiv- 
alent. 

(1) R'e4Bl{Ax)) = 0. 

(2) H\X^, Bj^{Ax)\xJ = for every c G C where X^ is the fiber. 
By [Hartshornel Theorem 12.11], there exists an isomorphism 

R'e,{BUAx)) ® k{c) ~ H\X,, Bl{Ax)\xJ. 
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By Nakayama's lemma, if 

R^9,{Bj,{Ax))^k{c) =0, 

then R^9^{Bx{Ax))\u = for some open neighborhood oih eU C C. 

Step 3. We can replace C by a neighborhood of the point correspond- 
ing to the singular fiber. Then, we can find the following commutative 
diagram 

X' X 



/' 

Y' ^ 



7c 



Y 



C 



where C ~ A^, each square is a fiber product, 7c, 7y and are 
finite etale morphisms. Let 6' := tt' o /'. Note that 'j^Bx, ~ by 
Lemma I 



Step 4. Let c G C be the point corresponding to the singular fiber of 
9. Let c' := 7c(c). Then, 

is an isomorphism. We can find a ^^'-ample Z-divisor Ax' on X' such 
that 7*(Ox'(^x')U,,) ^ Ox{Ax)\x.. Then, we obtain 

H\X,,BUAx)) = H\X,,j*Bl,{j*Ax')) 
= H\{X%,,BUAx')) 
= 0. 



The first equation follows from Lemma 13.51 The last equation follows 
from Step [H and Step El Then, the assertion holds by Step El 

□ 

Let us prove the main theorem in this section. 

Theorem 5.2. Let X be a smooth projective surface and let A be an 
ample Tj-divisor such that k{X, Kx + A) = 1 and that Kx + A is nef. 
Then, there exists mi G Z>o such that the trace map TTx{A + m{Kx + 
A)) 

H\X, ux{p'{A + m{Kx + A)))) ^ H%X, ux{A + m{Kx + A))) 
is surjective for every m > mi and for every e G Z>o. 



Proof. 
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Step 1. We see that Kx + A is semi- ample by |Fujita3| . 

Step 2. In this step, we prove that, for some uq G Z>o, the complete 
linear system 

^\no(Kx+A)\ =: 6 : X ^ C 
gives a ruled surface structure, that is, 6' is a projective morphism to a 
smooth projective curve such that 0^.0 x = Oc and that a general fiber 
is 

We can find G Z>o such that 

^\no{Kx+A)\ =: : X C 

is a projective morphism to a smooth projective curve such that 9^0x = 
Oc- Then, by |Badescu| Corollary 7.3], general fibers are integral. 
Since a general fiber F satisfies 

= {Kx + A)-F> (Kx + F)- F, 

we see F ~ P^. Thus, 6 gives a ruled surface structure. 

Step 3. In this step, we prove that it is sufficient to show 

R%{Bj,{A')) = 

for every ample Z-divisor A'. 

By Remark 13.31 and Remark 13.41 we obtain the following exact se- 
quence 

ujx ^ 0. 

By Lemma [2. 5 [ it is sufficient to show that 

H\X, Bl{p\A + m{Kx + A)))) = 

for every Q < d < e. We can write Kx + A = 9*H where H is an ample 
Z-divisor on C . By the Leray spectral sequence, we obtain 

^ H\C,e,{B\{p\A + m{Kx + A))))) = Q 

^ H\X,Bl{p\A + m{Kx + A)))) 

^ R^e,{Bl{p\A + m{Kx + A)))) ^ 0. 

The first term vanishes by the Serre vanishing theorem. Thus, it is 
sufficient to show that R^d^{B\{A')) = for every ample Z-divisor A'. 

Step 4. In this step, we prove the assertion. By Step [3l it is sufficient 
to show 

R%iB^xiA')) = 
for an ample Z-divisor A'. Let 

e-.x Ay 
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where vr is a P^-bundle structure. Since the problem is local on C, we 
may assume that 9 has only one singular fiber and that y = x C 
Let Fg be the singular fiber. Then, we see 

Q = {Kx + A)- F, = -2 + A- Fs. 

Thus, Fg has at most two irreducible components. This implies that / 
is the blowup at one point. Then, the assertion follows from Proposi- 
tion O 

□ 

6. SURJECTIVITY OF THE TRACE MAPS FOR SURFACES {k = 2) 

In this section, we show the surjectivity of the trace map 

H\X, ux{p'{A + m{Kx + A)))) H%X, uxiA + m{Kx + A))) 

for the case where X is a surface and k{X, Kx + A) = 2. Let us recall 
a lemma on the global generation. 

Lemma 6.1. Let X he a smooth projective variety. Let A he an ample 
7j- divisor and let G be a coherent sheaf. Then, there exists uq G Zi>o, 
depending only on A and G, such that 

G{noA + N) 

is generated hy global sections for every nef divisor N. 

Proof. The assertion immediately follows from the Castelnuovo-Mumford 
regularity ( [Lazarsfeldj Theorem 1.8.5]) and the Fujita vanishing theo- 
rem ( |Fujital[ Theorem (1)], |Fujita2[ Section 5]). □ 



To prove the surjectivity, we establish the following vanishing result. 

Proposition 6.2. Let h : X Z be a birational morphism between 
smooth projective surfaces. Let Ax he an ample Z-divisor and let Az 
he an ample Z-divisor on Z . Then, there exists niQ G Z>o such that 

H\X, Bl{Ax + h*{m^Az + Nz))) = 
for every nef Z-divisor Nz on Z . 

Proof. The birational morphism h is an ra-times blowups. We show the 
assertion by the induction on n. 

Step 1. If n = 0, then the assertion follows from the Fujita vanishing 
theorem ( |Fujital[ Theorem (1)], |Fujita2[ Section 5]). Thus, we may 



assume that n > and the assertion holds for n — L 
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Step 2. In this step, we prove that we may assume that h(Ex{h)) is 
one point. 

Let us consider the Leray spectral sequence 

^ H\Z,K{Bl{Ax + h*{moAz + Nz))) = 
^ H\X,Bl{Ax + h*{moAz + Nz))) 
^ H\Z, R'K{Bl{Ax + h*{moAz + Nz)))) ^ 

where the vanishing H^{Z, K{Bj^{Ax + h*{moAz + Nz))) = follows 
from the Fujita vanishing theorem ( [Fujital Theorem (1)], |Fujita2 



Section 5]). By Lemma [6. the assertion is equivalent to the following 
vanishing: 

R'KiBliAx)) = 0. 
Since this problem is local on Z, we may assume that h{Ex{h)) is one 
point. 

From now on, we assume that h{Ex{h)) is one point. 
Step 3. Let 

h:X Ay A z 

where g is the blowup of Z at the point. Let Ey be the (/-exceptional 
curve. Note that Ey = — 1. We see 

g*Az - eEy 

is an ample Q-divisor for every rational number < e ^ 1. Thus, by 
replacing Az with its multiple, we may assume that 

Ay := g*Az - lEy 
is an ample Z-divisor for some / G Z>o. In particular, we obtain 

h*Az = rAy + irEy. 

By the induction hypothesis, there exists mi G Z>o such that 

H\X, Bl{Ax + nm^Ay + Ny))) = 
for every nef Z-divisor Ny on Y . We have 

mih*Az = mif*Ay + milf*Ey. 

Step 4. Let -Ei, ■ ■ ■ , -E^ be the /i-exceptional curves where Ei be the 
proper transform of Ey. In this step, we construct a sequence of Z- 
divisors 

=: E{Q) < E{1) < E{2) <■■■< E{R - 1) < E{R) := f*Ey 
such that 
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(a) For every < r < R — 1, E{r + 1) — E{r) = Ej for some 

1 < i < n. 

(b) E{r) • Ei > —1 ioT every < r < R and for every 1 < i < n. 
We consider a decomposition into one point blowups: 

/ : X =: X„ 4 • • • 4 ^2 4 := y. 

We may assume that, for every 2 < j < n, Ej G X is the proper 
transform of the /^-exceptional curve. For 1 < j < i < n, let Ef C 
be the image of Ej. Let /i+i(Ex(/j+i)) =: Pj e Xi and let 

Qi : Xi Z. 

Note that Pj G Ex{gi). Since Supp(Ex(gfj)) is simple normal crossing, 
there are two cases: 

(1) Pi G Ef and Pi ^ Ef for every f ^ j. 

(2) Pi G EfnEf for some j ^ j' and P, ^ P]t^ for every j" ^ j, j'. 

For 1 < i < n, we construct a finite sequence (Seq)j of prime divisors 
on X inductively as follows. Every member of (Seq), is Ej for some j. 
Let 

(Seq)i := (Pi). 

Assume we obtain (Scq).j. We construct (Seq)j_|_i as follows. There are 
two cases (1) and (2) as above. Assume (1), that is, Pj G pj*^ and 
Pi ^ pj*"* for every j' ^ ]■ If 

(Seq)i = (••• ,Pj,-- - ,Pjv,---), 

then we define (Seq)j+i by 

(Seq)i+i :=(•••, Pj+i, Ej, • • • , Eji, • • • ). 

In other words, we add Pj+i only in front of Ej. Assume (2), that is. 
Pi G Ef n Ef for some j ^ j' and Pi ^ Ef for every /' ^ If 

(Seq)i = (•••, Pj, Pjv, ••• , Ej», • • • ), 

then we define (Seq)i+i by 

(Seq)i+i :=(••• , Pj+i, Ej, • • • , Pj+i, P^/, • • • , P^//, • • • ). 

In other words, we add Pj+i only in front of Ej and Ej>. We obtain a 
finite sequence (Seq)i for 1 < i < n. Let 

(Seq)„ = (Pa(i) , Pa(2) , Pa(3) , ' ' • , -E'a(K)) 
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where a(/) G {1, • ■ ■ ,n}. We define a finite sequence (SEQ) by 

(SEQ) = {Ea(l),Ea(l) + -Ea(2), -E'a(l) + -£^a(2) + -£^a(3), " " " ) 

=: (E(1),E(2),E(3),---,E(/?)). 

By an inductive argument, we see E{r) ■ Ej > —1 for every j and 
E{R) = f*EY- This imphes the assertion. 

Step 5. In this step, we construct a sequence of Z-divisors 

=: D{0) < D{1) < D{2) < ■ ■ ■< D{S - 1) < D{S) := milf*EY 
such that 

(a) For every < s < S* — 1, D{s + 1) — D{s) = Ej for some j. 

(b) D{s) + Ax + mif*AY is nef for every < s < S*. 

We define the sequence {D(s)}f^o by 
E(0),E(1),E(2),---,E(/?), 
E{R) + E{1), E{R) + E(2), ■ • • , 2E{R), 
2E{R) + 2E(i?) + E(2), ■ ■ ■ , 3E(i?), 

(miZ - + ^(1), (mi/ - + E{2), ■■■ , milE{R). 

Then, the sequence {Z^(s)}f^o satisfies (a). Thus, we show (b). For 
every < s < 5, we can write 

D{s) + Ax + mJ*AY = E{r) + tfEY + Ax + mJ*AY. 

for some < r < i? and some < t < rriil — 1. To show this divisor is 
nef, it is sufficient to show 

{E{r) + trEY + Ax + mi/*Ay) ■ E^ > 

for every 1 < j < n. By Step HI for every 2 < j < n, we obtain 

{E{r) + trEY + Ax + mi/My) ■ E, = {E{r) + Ax) ■ E, > 0. 

On the other hand, for the case where j = 1, we see 

{E{r) + trEY + Ax + mJ*AY)-E, > {tf* Ey + m^f Ay) ■ E^ 

= {IEy + miAy) ■ Ey 

> {rriilEY + itliAy) ■ Ey 

= 0. 

Step 6 . Fo r a Z-divisor D on X and for a curve £" ~ in X, by 
Lemma 12.61 we obtain the following diagram: 

> H^{X,uJx{pD)) > HO(X,uJx{E + pD)) s> H°{E,uje{pD)) > H'^{X,ujx{pD)) 

ja — Trx(D) |/3:=Trx,B(D) j^-y:=TiE (D) 

> H'^{X,ujx{D)) > HO{X,ujx{E + D)) ^ HO{E,uie{D)) 
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where the horizontal sequences are exact and the vertical arrows are 
the trace maps. Then, the following assertions hold. 

(1) 7 is surjective. 

(2) If H^{X,ux{pD)) = and a is surjective, then /3 is also sur- 
jective. 

(3) Assume /3 is surjective. Then, the trace map 

Ttx{E + D) : H\X, oox{p{E + D))) -> H\X, ujx{E + D)) 
is also surjective. 

(1) holds because £^ ^ is F-split (Proposition [8]). (2) follows from 
the snake lemma. (3) follows from Remark 12. 2[ 

Step 7. Let m2 G Z>o such that 

H\X,ux{m2h*Az + Nx)) = Q 

for every nef Z-divisor Nx on X. Note that, since h*Az is nef and 
big, we can find such an integer m2 by |Tll Theorem 2.6]. Let mo : = 
mi + 1712 and fix a nef Z-divisor Nz on Z. 

We would like to apply the diagram in Step [6] for 

D = D{s) + Ax+ mif*AY + m2h*Az + h*Nz, E = D{s + l)~ D{s) 

where < s < S* — 1. Note that, by Step [5l this divisor D is nef. By 
Step El a in Step M is surjective for 

D = D{0) + Ax+ mJ*AY + m2h*Az + h*Nz. 

We see 

H\X, cox{p{D{s) + Ax + m^rAy + m2h* Az + h*Nz))) = 

by the choice of m2. Therefore, by Step [5] and Step El we obtain the 
surjection 

Ttx{D) : H\X,uJx{pD)) ^ H\X,ujx{D)) 

for 

D = D{S) + Ax + mJ*AY + m2h*Az + h*Nz 
= milf*EY + Ax + mif*AY + m2h*Az + h*Nz 
= Ax + mih*Az + m2h*Az + h*Nz 
= Ax + (mi + m2)h*Az + h*Nz 
= Ax + h*{moAz + Nz). 
Thus, the assertion follows from 

H\X,uJx{p{Ax + h*{moAz + Nz)))) = 0. 

□ 
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Proposition 6.3. Let h : X ^ Z be a hirational morphism between 
smooth projective surfaces. Let Ax be an ample Z-divisor and let Az 
be an ample Tj-divisor on Z . Then, there exists mi G Z>o such that the 
trace map Tr^(Ax + h*{miAz + Nz)) 

H^X^LUxip'iAx + h*{m,iAz + iVz)))) ^ H\X,ujx{Ax + h* {m^Az + Nz))) 

is surjective for every e G Z>o and for every nef divisor Nz on Z. 

Proof. By Lemma [2.51 we obtain 



Let us prove the main theorem in this section. 

Theorem 6.4. Let X be a smooth projective surface. Let A be an 
ample Z- divisor on X such that Kx + A is nef and big. Then, there 
exists mi G Z>o such that the trace map Tr^(A + m{Kx + A)) 



H%X, cox{p'{A + m{Kx + A)))) ^ H%X, cox{A + m{Kx + A))) 



is surjective for every m > mi and for every e G Z>o- 

Proof. By Proposition I6.3[ it is sufficient to prove that there exists a 
birational morphism 



to a smooth projective surface Z such that Kx+A is the pull-back of an 
ample Z-divisor. If Kx + A is ample, then there is nothing to show. We 
may assume that Kx + A is not ample. Then, by the Nakai-Moishezon 
criterion, we can find a curve E such that {Kx + A) -E = 0. This means 
Kx-E < 0. Moreover, since Kx+A is big, the equation {Kx+A)-E = 
implies E"^ < 0. Therefore, E is a (— l)-curve. Contract E and we can 
repeat this procedure. Then, we obtain h : X ^ Z. □ 



In this section, we prove the main theorem for threefolds. Let us 
summarize results on the trace map obtained in previous sections. 

Theorem 7.1. LetX be a smooth projective surface. Let A be an ample 
Tj- divisor on X such that Kx + A is nef and Kx + A) ^ Then, 
there exists mi G Z>o such that the trace map Tr^(y4 + m{Kx + A)) 



H\X, ux{p'{A + m{Kx + A)))) ^ H^{X, ujx{A + m{Kx + A))) 




□ 



h:X^Z 



7. Main theorem for threefolds 



is surjective for every m > mi and for every e G Z 



'>0- 
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Proof. If k(X, Kx + A) = — oo, then there is nothing to show. Thus, 
we may assume k{X, Kx + A) > 1. Then, the assertion follows from 
Theorem 15.21 and Theorem 16.41 □ 

Remark 7.2. In the above situation, we can show k,{X, Kx+A) ^ — oo 
by the abundance theorem obtained in |Fujita3] . Indeed, by Bertini's 
theorem, we can find an effective Q-divisor D such that \_D_i = and 
that A ~Q D. 

Let us prove the main theorem. 

Theorem 7.3. Let X be a smooth projective threefold. Let S be a 
smooth prime divisor on X and let A be an ample Z-divisor on X such 
that 

(1) Kx + S + A IS nef. 

(2) k{S,Ks + A)^Q. 

Then, there exists nio G Z>o such that, for every m > mo, the natural 
restriction map 

//"(X, m{Kx + S + A))^ H'^iS, m{Ks + A)) 

is surjective. 



Proof. Let L := Kx + S + A. By Lemma [2. 6[ we obtain the following 
commutative diagram 

H'^{X,ujxiS +p''A + p''mL)) > H'^ (S , u s {p" A + mp" L))) > H^{X,ujx{S + p" A + p'^mL)) 

jxrjf s(A+mL) Tr|(/l+mL) 

H'^{X,u:x{S + A + mL)) > H°{S,ujs{A + mL)). 

By (2) and Theorem 17. the trace map TTg{A + mL) 

H°{S, Ks + p^A + p^mL) -> Ks + A + mL) 

is surjective for m ^ 0. By the Serre vanishing thoerem, we have 

H\X,ujx{S + p^A + p''mL)) = 0. 
Therefore, the natural restriction map 

H\X, m{Kx + S + A))^ H\S, m{Ks + A)) 
is surjective. □ 

8. Calculation for the case where k = 

In this section, we consider whether Theorem 17.11 holds for k{X, Kx + 
A) = 0. Let X be a smooth projective surface and let A be an ample 
Z-divisor on X. Assume that Kx + A is nef and that n{X, Kx + A) = 0. 
By the abundance theorem ( |Fujita3| ), we see Kx + A ~(q 0. Then, 
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—Kx is ample. In particular, X is a rational surface. Thus, we see 
Kx + v4 ~ 0. We would like to consider the following question. 

Question 8.1. Let X be a smooth projective surface such that —Kx 
is ample. Is the trace map 

Tr'xi-Kx) : H\X,ux{-p'Kx) ^ H%X,ux{-Kx)) 
surjective? 

If Kx > 4, then we obtain an affirmative answer. 

Proposition 8.2. Let X be a smooth projective surface such that —Kx 
is ample. If K\ > A, then the trace map 

Tr'xi-Kx) : H\X,iOx{-p'Kx)) ^ H\X,iOx{-Kx)) 
is surjective. 

Proof Since h'^{X,ux{—Kx)) = 1, it is sufficient to show that the 
trace map 

Tr'xi-Kx) : H%X,ux{-p'Kx)) ^ H\X,ux{-Kx)) 

is a non-zero map. Since Kj^ > 4, X is obtained by blowing up 
at most 5 points. Therefore, we can find a smooth conic Co passing 
through these points. Let Lq be a line which does not passes through 
these points. Let C and L be the proper transforms. We see that 
L\c is ample, H^{C,loc{L\c)) 7^ and L is nef and big. Then, since 
C + L e I — Kx I , we can apply Corollary 14. 5[ □ 

If X is F-split, then, by Proposition , the above trace map Ttx{—Kx) 
is surjective. Note that, by |Haral Example 5.5] and [Smithi Propo- 
sition 4.10], if Kx > 4, then X is F-split. But, since [Haraj has no 
explicit proof, we give the above proof. Moreover, [Harat Example 5.5] 
and |Smitht Proposition 4.10] shows that, if Kx = 3 and X is not 
F-split, then X is a Fermat type cubic surface in characteristic two. 
Indeed, this example gives a negative answer to Question [HIT] as follows. 

Theorem 8.3. Let char /c = p = 2. Consider and let [x : y : z : w] 

be the homogeneous coordinate. Let 

X := {[x : y : z : w] e \ + + + = 0}. 
Then, the trace map 

Tr'xi-Kx) ■■ H\X,ux{-2'Kx) -> H%X,ux{-Kx)) 



IS a zero map. 
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Proof. By Lemma [275| we may assume e = 1. By Lemma [221 we obtain 
the following commutative diagram 

H^{F\ujp4X -2Kp3 -2X)) H%X,ujx{-2Kx)) 

We prove that a and /3 are isomorphisms. Since H^{F^,L) = for an 
arbitrary invertible sheaf L, it is sufficient to show 

H^{¥^,up3{-KpB - X)) = i^°(P^ wp3(-2irpa - 2X)) = 0. 

This follows from 

H\F\ujr4-Kri - X)) = H°{F\Or4-3)) = 

and 

i^°(p^wp3(-2f^p3 -2X)) = i/°(p^Cp3(-4 + 8 - 6)) = o. 

Therefore, it is sufficient to prove that the trace map Trp3 x(— -^pa —X) 
is a zero map. By Lemma [2.41 we obtain 

Trp3^x(-^p3 - X) = Tipi^xiH) 

where H is defined by 

H := {[x : y: z : w] e ¥^ \w = 0}. 

Thus, we show that 

Tr := Trp3,x(^) : H\F\up3{X + 2H)) i^°(P^ wp3(X + H)) 

is a zero map. Let us take a /c-linear basis of if°(P^, a;p3(X + 2H)). It 
is easy to see 

/i°(P^Wp3(X + 2i^)) = 4. 

Let Specfc[X, y, Z] C P^ be the affine open subset defined hy w ^ (). 
Consider the following four 3-forms 
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These are elements of ijJk{x,Y,z) = (i^ps)^ where ^ is the generic point of 
P'^. By a direct calculation, these four elements are linearly independent 
and i]i,rix,riY,riz G i/°(P^, a;p3(X + 2H)). In particular, these four 
elements form a A;-linear basis of H^{F^, up3{X + 2H)). The trace map 
is a p~^-linear map, that is, for a, b,c,d & k, 

Tr(a?7i + br]x + c-qy + d-qz) 

= apTr(?7i) + bpTi(rix) + cpTi(t]y) + dpTT{riz). 

Thus, it is sufficient to show 

Tr(r7i) = TT{r]x) = Tr(?7y) = TT{r]z) = 0. 

Let us only prove Tr(r7x) = 0. This follows from 

{TT{l]x))\spcck[X,Y,Z] 

^ i:i{{X^ + XY^ + XZ^ + X)dX AdY AdZ) 



X3 + F3 + Z3 + 1 

0. 



The last equality follows from Remark 12.31 □ 

The following example shows that we cannot prove Theorem 17.31 for 
the case where k = by the same proof. 

Example 8.4. Let char k = p = 2. Then, there exist smooth projective 
threefold X over k, a smooth prime divisor Sq on X and an ample 
7j- divisor A on X which satisfy the following properties. 

(1) \Kx + 5*0 + ^1 is has epoint free. 

(2) The natural restriction map 

H%X, m{Kx + So + A)) H\So, m{Ks, + A)) 

is surjective for every m G Z>o- 

(3) The trace map Tt%;^_^{A + m{Ksa + A)) 

H\So,LOs, [2-{A + m{Ks„ + A)))) ^ i?°(5o, t^5„ [A + m{Ks„ + A))) 
is a zero map for every m G Z>o o-nd for every e G Z>o- 

Proof. Let S be the surface in Theorem 18.31 and let As := —Ks. Let 
C be a smooth projective curve and fix an arbitrary ample Z-divisor 
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Ac on C. Let X := S x C and let vr^ and ttc be their projection 
respectively. Fix a point Cq E C and let Sq := S x {cq}. Let 

A := TT*sAs + n*cAc. 

Note that A\so = —Ks^. Thus, (3) follows from Theorem 18.31 (1) 
follows from 

Kx + Sq + A = 7T*^{Ks + As) + 7r*c{Kc + co + Ac) 
= n*c{Kc + Co + Ac). 
It is sufficient to show (2). This follows from 

(X, Kx + A + {m- l){Kx + Sq + A)) 
= H\X, TT*c{Kc + Ac + im- + cq + Ac))) 

~ H\S, Os) H\C, Kc + Ac + {m-l){Kc + co + Ac)) 
e H\S, Os) ®k H\C,Kc + Ac + {m- l){Kc + cq + Ac)) 
= 0. 

The last equahty holds by H^{S, Os) = and 

degciAc + (m - l){Kc + Cq + Ac)) > 0. 

□ 

9. Appendix: Extension theorem for surfaces 

For the surface case, we can freely use the minimal model theory (cf. 
Fujita3| , |KKj . [T2j ). By using results obtained in |Fujita3| , |T2] and 
T3j . we can establish an analogy of [HMl Theorem 5.4.21] as follows. 

Theorem 9.1 (Extension theorem). Let X be a smooth projective sur- 
face and let C be a smooth prime divisor on X . Let A := C + B where 
B is an effective Q-divisor which satisfies the following properties. 

(1) C ^ SuppB, lSj = and {X, A) is pit. 

(2) B ~Q A+F where A is an ample Q-divisor and F is an effective 
Q-divisor such that C ^ SuppF. 

(3) No prime component of A is contained in the stable base locus 
ofKx + A. 

Then, there exists an integer tuq > such that, for every integer m > 0, 
the restriction map 

H%X,mmo{Kx + A)) ^ H\C,mm,{Kx + A)\c) 

is surjective. 

Proof. 
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Step 1. In this step we prove that, if is a curve in X such that 
< and {Kx + A) ■ E < 0, then the following three assertions hold: 

(a) Kx-E = E^ = -1. 

(b) E is not a prime component of A. 

(c) E-C = 0. 

Since {Kx + E) ■ E < {Kx + A) • i5 < 0, there exists a birational 
morphism / : X — )■ y to a normal Q-factorial surface Y such that 
Ex(/) = E (cf. [la Theorem 6.2]). Let Ay := /,A and we define 

dGQby 

Kx + A = f\KY + AY) + dE. 

The inequality {Kx + A) ■ _E < means ci > 0. We can find a integer 
/ > such that 1{Ky + Ay) is Cartier. Then, ii^ is a fixed component 
of 

l{Kx + A) = r{l{KY + Ay)) + dlE. 

Then, the assumption (3) implies (b). This means E ■ A > 0. Then, 
the assertion (a) follows from 

Kx ■ E < {Kx + A) ■ E <0. 

Let us show (c). Assume E ■ C > 0. Then, E ■ C > 1. This means the 
following contradiction 

Q> {Kx + A)- E = Kx- E + C ■ E + B ■ E>-l + l + Q = Q. 

Step 2. In this step, we prove that we may assume that Kx + A is 
nef. 

Assume that Kx + A is not nef. Then, there exists a curve E such 
that {Kx+A)-E < 0. By (3), we can find / > such that \l{Kx+A)\ ^ 
0. This means E"^ < 0. We see that ii^ is a (— l)-curve by Step 1. Let 
/ : X — 7- y be the contraction of E. Let 

Ay :=/,A, Cy :=/,C, By := f.B , Ay := f.A , Fy := f.F. 

Then, Y and these divisors also satisfies the conditions (1), (2) and (3). 
Let mi > be an integer such that mi A is a Z-divisor. Then, we have 

m,{Kx + A) = r (mi(Ky + Ay)) + eE 

for some e G Z>o. Let n be an arbitrary positive integer. By = 
Cy, we have 

U{Ox{nmi{Kx + A))) ^ U{Ox{nmir{KY + Ay))) ^ Oy(nmi(ify + Ay)). 
By C n E = 0, we see 

f,{Oc{nmi{Kx + A))) ^ /,(Oc(nmi/*(i^y + Ay))) ~ Oc^(nmi(i^y + Ay)). 
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These implies the following commutative diagram 

H''{X,nmi{Kx + A)) y H\C,nmi{Kx ^ /^)\c) 



H%Y,nmi{KY + AY)) > H%CY,nmi{KY + AY)\cy) 

where the horizontal arrows are the natural restriction maps. Thus, 
we can reduce the problem on X to the problem on Y. We can repeat 
the same argument. Note that \l{Kx + A)\ 7^ and this means the 
assertion. 

Step 3. By the abundance theorem ( |Fujita3| ), Kx + A is semi-ample. 
Let 

/ := 'PlmiiKx+A)] : X ^ R 
for some m2 G Z>o such that f*Ox = Or. In this step, we prove 
f^Oc = Ofi^c)- 

Assume f,Oc ^ Of^^c)- We run the {Kx + {A})-MMP. By [T3] . 
there exists a morphisms 

X 

where \^ is a smooth projective curve such that a general fiber G of g 
satisfies G ~ and lAj ■ G = 2. Note that B = {A} and C = lAj. 
Since G is a fiber and B is big, we see G ■ B > 0. Then, we obtain the 
following contradiction 

= {Kx + A) ■G>{Kx + B)-G + 2> {Kx + G)-G + 2 = 0. 

Step 4. In this step, we prove the assertion. Let 

/ := ^\m.2{Kx+A)\ : X ^ R 

such that f*Ox = Or and let f{C) =: D. Then, by Step 3, we see 
f*Oc = Od- Let H be an ample Cartier divisor on R such that 
777.2 (i^x + A) = f*H. By the Serre vanishing theorem, we can find 
m3 G Z>o such that 

is surjective for every m G Z>o. Then, by f\Ox = Or and f^.Oc = Od, 
we have the following commutative diagram 

H\X,mm2m^{Kx + A)) > H\C , mm2m^{K x + A)\c) 



H%R,mm3H) 
This implies the assertion. 



> H%D,mmsH\D). 

□ 



34 



HIROMU TANAKA 



References 



[Ambro] F. Ambro, Quasi-log varieties, Tr. Mat. Inst. Steklova 240 (2003), 
Biratsion. Geom. Linein. Sist. Konechno Porozhdennye Algebry, 220- 
239; translation in Proc. Steklov Inst. Math. 2003, no. 1 (240), 214- 
233. 

[Badescu] L. Badescu, Algebraic Surfaces, Universitext, Springer- Verlag, New 
York, 2001. 

[BCHM] C. Birkar, P. Cascini, C. D. Hacon, J. M'^Kernan, Existence of mini- 
mal models for varieties of log general type, J. Amer. Math. Soc. 23 
(2010), no. 2, 405-468. 

[BSTZ] M. Blickle, K. Schwede, S. Takagi, W. Zhang, Discreteness and ratio- 

nality of F-jumping numbers on singular varieties, Math. Ann. 347 
(2010), 917-949. 

[EST] M. Blickle, K. Schwcdc, K. Tucker, _F-singulatics via alterations, 

preprint (2012). 

[CHMS] P. Cascini, C. D. Hacon, M. Mustata, K. Schwcdc, On the numer- 
ical dimension of pscudo-cffcctivc divisors in positive characteristic, 
preprint (2012). 

[DHP] J. -P. Demailly, C. D. Hacon, M. Paun, Extension theorems, Non- 

vanishing and the existence of good minimal models, preprint (2012). 

[EV] H. Esnault, E. Vichweg, Lectures on Vanishing Theorems, 

Birkhauser, Basel, 1992. 

[Fujino] O. Fujino, Fundamental theorems for the log minimal model program, 

Publ. Res. Inst. Math. Sci. 47 (2011), no. 3, 727-789. 

[FG] O. Fujino, Y. Gongyo, Log pluricanonical representations and abun- 

dance conjecture, preprint (2011). 

[Fujital] T. Fujita, Vanishing theorems for semipositivc line bundles. Algebraic 
geometry (Tokyo/Kyoto, 1982), 519-528, Lecture Notes in Math., 
1016, Springer, Berhn, 1983. 

[Fujita2] T. Fujita, Semipositivc line bundles, J. Fac. Sci. Univ. Tokyo Sect. 
lA Math. 30 (1984), no 3 353-378. 

[Fujita3] T. Fujita, Fractionally logarithmic canonical rings of algebraic sur- 
faces, J. Fac. Sci. Univ. Tokyo Sect. lA Math. 30 (1984), no 3 685- 
696. 

[HM] C. D. Hacon, J. M'^Kernan, Extension theorem and the existence of 

flips, in Flips for 3-folds and A-folds, Oxford University Press, 2007, 
79-100. 

[HX] C. D. Hacon, C. Xu, On the three dimensional minimal model pro- 

gram in positive characteristic, preprint (2013). 

[Hara] N. Hara, A characterization of rational singularities in terms of in- 

jectivity of Frobenius maps, Amer. J. Math., 120, (1998), 981-996. 

[Hartshorne] R. Hartshorne, Algebraic Geometry., Grad. Texts in Math., no 52, 
Springer- Verlag, New York, 1977. 

[Kawamata] Y. Kawamata, Semistable minimal models of threefolds in positive 
or mixed characteristic, J. Alg. Geom. 3 (1994), 463 491. 

[KMM] Y. Kawamata, K. Matsuda, K. Matsuki, Introduction to the Mini- 

mal Model Program, volume 10 of adv. Stud. Pure Math., 283-360. 
Kinokuniya-North-HoUand, 1987. 



THE TRACE MAP OF FROBENIUS 



35 



[Keel] S. Keel, Basepoint freeness for nef and big linebundles in positive 

characteristic, Ann. Math, 149 (1999), 253-286. 
[KoUar] J. Kollar, Extremal rays on smooth threefolds, Ann. Sci. Ec. Norm. 

Sup., 24 (1991), 339-361. 
[KK] J. Kollar, S. Kovacs, Birational geometry of log surfaces, preprint. 

[KoUar-Mori] J. Kollar, S. Mori, Birational geometry of algebraic varieties, Cam- 

brigde Tracts in Mathematics, Vol. 134, 1998. 
[Lazarsfeld] R. Lazarsfeld, Positivity in Algebraic Geometry I, A series of Modern 

Surveys in Mathematics, Vol. 48, Springer, 2004. 
[MR] V. B. Mehta, A. Ramanathan, Frobenius splitting and cohomology 

vanishing for Schubert varieties, Ann. of Math. (2), 122 (1985), 27- 

40. 

[Mumford] D. Mumford, Abelian varieties, Grad. Texts in Math., no 52, 

Springer- Verlag, NewYork, 1977. 
[Mustata] M. Mustafa, The non-nef locus in positive characteristic , preprint 

(2012). 

[Raynaud] M. Raynaud, Contre-exemple au "vanishing theorem" en car- 
acteristique p > 0, C. P. Ramanujam — A tribute. Studies in Math., 
8 (1978), 273-278. 

[Schwedel] K. Schwede, i^-adjunction. Algebra and Number Theory, (2009) Vol. 
3, No. 8, 907-950. 

[Schwede2] K. Schwede, A canonical linear system associated to adjoint divi- 
sors in characteristic p > , to appear in Journal fiir die reine und 
angewandte Mathematik (2012). 

[Smith] K. E. Smith, Vanishing, singularities and effective bounds via prime 

characteristic local algebra, in Algebraic geometry Santa Cruz 1995, 
Proc. Sympos. Pure Math., 62, Part 1, Amer. Math. Soc, Proci- 
dence, RI, 1997, 289-325. 

[TW] S. Takagi, K. Watanabe, On F-pure threshold, J. Algebra 282 (2004), 

no.l, 278-297. 

[Tl] H. Tanaka, The X-method for kit surfaces in positive characteristic, 

to appear in J. Alg. Geom. (2012). 
[T2] H. Tanaka, Minimal models and abundance for positive characteristic 

log surfaces, preprint (2012). 
[T3] H. Tanaka, Abundance theorem for semi log canonical surfaces in 

positive characteristic, preprint (2013). 
[Tango] H. Tango, On the behavior of extensions of vector bundles under the 

Frobenius map, Nagoya Math. J., 48 (1972), 73-89. 



Department of Mathematics, Faculty of Science, Kyoto University, 
Kyoto 606-8502 Japan 

E-mail address: tanakahiOmath. kyoto-u.ac.jp 



